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A BIHMMONICREUXATIONMETHODFORCALCULATINGTHERMAL
STRESSINCOOLEDlmREwLm cYLINDm
ByArthur~. HohnS
SUMMARY
A numeri~almethodwasdevelopedforcalculatingthermalstresses
in irregularcylinderscooledby oneormoreinternalpassages.The
useofrelaxationmethodsmd el.ementsxymethodsoffinitedifferences
wasfoundto giveapproximationstothecorrectvalueswhencompared
withpreviouslylmownsolutionsforconcentriccircul&L”cylinders ‘“
possessingsymmetricalndasymmetrics3temperaturedistributions.
INTRODUCTION
.
UseofCooledIrregularCylinders
.. Theevolutionofaircraftpropulsionsystemshasledtothefre-
quentemploymentofcooledstructures.Theconcentrichollowcylinder
isa fsmilisrexsxple,althoughinsomecasesirregularcylindersuch
ascooledturbinebladeswithseveralinternalpassages(reference1) l
areunderconsideration.A methodof calculatingstressesin thin-
walledturbinebladesoftheair-cooledtypeispresentedinrefer-
ence2,butthegeneralproblemofcalculatingthermaLstressesin
long,hollow,thick-walledirregulsrcylindershasnotbeensolved.
PreviousWorkonThermalStressesinHollowCylinders
Severalmethodsof calculatingthermalstressesforvariouspecial
distributionsoftemperatureinlonghollowcylindersofparticular
shapehavebeendeveloped.SometheoreticalspectsofthegeneraJ-
problemhavealsobeendiscussed.In reference3 theproblemis
regardedas an ordinarystresspr”oblemwithgivenbodysmdsmface
forcesreplacingtheeffectsdueto temperaturedistribution,whereas
inreference4 theequilibriumad boundaryconditionsofthetheory
of elasticityareusedwithoutmodificationsto etibitthetemperature
. effectsasbodyad surfaceforces.Themethodofreference4 was
.
2appliedto
wellasto
cylinders.
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severalspecialproblemsthathadalreadybeensolvedas
problemsofcompositebodiesandeccentriccircular
No applicationfanalyticalornumericalmethodsof
.
9
calculatingthermalstressesincooledirregularmultiplyconnected
cylindershasbeenpublished.
ScopeofPresentInvestigation
An investigationwasconductedattheNACALewislaboratoryto
calculatethermalstressesincooledirregularmultiplyconnected
cylinders.‘Theproblemofthermalstressesin irregularcylinders
isformulatedina mannerthatpermitsolutionby theuseoffinite-
differencem thods.Thecontourintegralsofreference5 expressing
thesingle-valuedcharacterofthedisplacementsforarbitrarycircuits
aroundtheinternalboundariesarewritteninformssuitablefor
numericalmethodsofdifferentiationandintegration.Theboundsry
conditionsbasedontheassumptionofforce-j&eeboundariesandsi@e-
vslueddisplacementssreformulatedintermsofderivativesofthe
stressfunctionas suggestedforuniform-temperatureproblemsin
reference5,andstressfunctionsaresetup ina mannerthatisan
efiensiontothethermal-stressproblemoftheworkofreference6
on doublyconnected..domai.nstu iformtemperatures.Therelaxation
techniquesofreference7 areusedinsolvingthefinite-difference
problemof determiningthestressfunctions.Detailsofthemethod
areillustratedby examples.Themethodisappliedto a symmetrically
heated,hollowcircularcylinderandalsoto a hollowcircularcylinder
withasymmetricalheatingto showthattherelaxationtechniquegives
approximationsto exactauswersobtairedby directmathematicalmethods.
Comparisonof stressescalculatedby .herelaxationtechniqueswith
thosedeterminedby exactmethodsis alsomadeto compsxetherelative
accuracyof severalnumericalmethod.;of differentiatingthestress
flznctionto obtainstresses.Thecalculationsfortheconcentric
cylinderaredescribedindetailsufficienttopermitthemethodtobe
appliedtomoreirregularcylinders.
Thefollowingsymbols
a.=l>ai2>ai3constantsof
SYMBOLS
areusedinthisrepori:
integration
.~ modulusof elasticityinter.siona dcompression
Z,m directioncosinesofnmmal drawnoutwardfromregion
bom.ledbyplanecurve
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distancein xy-planenormaltoplanecurve
residuslinrelsxationcslculatton
polsrcoortiates
arclengthofplanecurvein ~-plane
temperatureaboveinitialstress-freestate
componentsofdisplacement
rectangularcoorttLnates
.
coefficientof line= thermal
shearingstraincomponentsin
unitelongations( trains) in
respectLvely
Poissonlsratio
nor+ components
z-axes
expansion
rectangularcoordinates
=, Y-, ~d z-directIons,
of stressparallelto x-, y-, and
shearing-stresscomponent
Airyrsstressfunction
inrectangularcoordinates
componentofrotationabout z-axis
harmonicoperator 2F az—+—
3X2 ay2
a42i34+a4biharmonicoperator— — —
ax4 ax2y2 ay4
THEORY
JLssuruptions
Thefollowlngconditionssreassumedto exist:
1.Steady-stateh atflowexistswithtemperaturesuniformalong
anylineinitially~aralleltotheaxisofthecylinder.
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2.Heatsourcesandsinksareassumedtobe distributedonthe
exbernalandinternalboundaries.
3.Thetemperaturedistributionisassumedtobe determinedby the
boundarytemperaturesandLaplace’sequation.
4. Thematerialbehavesinen elasticmanner.
5.Thevariationoftheelasticonstants(modulusofelasticity,
Poisson’sratio,endcoefficientofthermalexpansion)withtemperature
riaybe neglectedindeterminingthethermalstresses.
6.Planesectionsinitiallynormaltotheaxisofthecylinder
remainplane.
7.Thestrainsandrotationareconstantalonganylineinitially
parallelto thesxisofthecylinder.
Theextentowhicha particularstructurewouldfulfillthese
conditionswoulddependontheparticularcircumstances.Thelasttwo
assumptionsareappropriatewhenthecylinderislongincomparisonwith
itscross-sectioneldimensionsorwhenendconditionsimposesuitable
restraint.Thesixthassumptionallowsbendingofthecylinderabout
axesperpendicularto theaxialdirectionof thecylinderina manner
thatmightvaxyintheaxialdirection.Thelastassmptionpermits
planesiniti.&lJyperpendiculartotheaxisofthecylindertotakeon
a warpedshapeasa resultofthedeformationbutrestrictsthebending
to a circulararc;thatis,theradiusofcurvatureoflinesinitially
paralleltotheaxisofthecylinderdoesnotvaryslongthelengthof
theselines.Theassumptionfno v=iationofrotationintheaxial
directionis equivalentto assumingthatthecylinderdoesnottwtst.
BasicEquations
Thecaseofplanestrainwherebodyforcesaregivenby the
gradientof a pckentialistreatedinreference5. As is shownby the
detailederivationinappendixA, thegoverningeqmtionof refer-
ence5 appliestothethermal-stressproblemdefinedby thepreceding
assumptions.Thisequationis
(1)
where * isAiryfsstressfunctiondefinedby
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As showninappendixB,
theequation
a= =E(a +
(2)
theaxialstressescanbe calculatedfrom
by+c)+V(9x+ay)-a~ (3)
BoundaryConditions
Twobasicallydifferenttypesofauxiliaryconditionareestablished
.
forthesetofphysicalconditionsassumedto existatthebounding
cylindricalsurfaces.Theseconditionsare:
(1)Conditionsstemingfrom‘thenatureoftheforcesappliedto
thesurfaces
(2)Conditionsstipulatingthatthedisplacementsbe single-valued
In calculatingthestressesdueto thetemperaturedistribution,-
otherstressesuchasthosedueto centrifugalforceandfluidpres-
surearetobe calculatedseparatelyandthetotalstressesaretobe
obtainedby superposition.AJJ.internal~a externalboundariesare
thereforepostulatedtobe freefromappliedforces,andtheboundary —
conditions(reference8,p. 21)become
l where
.
~xZ+~wnl=C)
‘w Z-!-aym=O }
z .C+
dxm=-— ds
(4)
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Substitutionfromequations(2)intoequations(4)yields
_3!>+?3iQs=~
axaydS axzds
fromwhich
alongtheboundaries.
ConditionsforSingle-ValuedDisplacements
Thedefiningequationsforstrainsandrotationsre
1
(5)
(6)
.
.
.
.
Fromequations(6),
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.
. T& changeinrotationforan arbitrsrypath Pi
‘tatiingat somePoint (~,YO) md returningtothe
enclosing(andonlyenclosing)theinternalboundary
.
.
.
(7)
of integration
ssmepointtier
Ci is .=— _
(8)
Fromeqyations(7)and(8),theconditionthat u) be singlevalued,
is
Byuseof equations(A8)and(A9) ofappendix
be written A, equation(9)may
“(lo)
aThe changeinthex-componentof
of integrationstartingat somepoint
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displacementforanarbitrarypath
(~, Yo)ad ret~ningto the
sanepointafterenclosingtheinternalbound&rY Ci is
Fromequations(7)and(Xl.),theconditionforsingle-valued
is
J%,x+(h-+=o
(u)
u
(12)
Fortheterminvolvingrotationinequation(12),integrationby
partsgives
-L
where
becauseofthesingle-valued
equation(10).Furthermore,
5i
[1
o
CDy. =o
o
characterof u achievedby imposing
)
+&dy
ay
.
.
b
.
,
.
.
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.
Equation(12)cannowbe written
.
%
!{
&
%dx+; rxYdY+; Y~ti -
Pi
.
In eqmtion(13),integrationfthefirsttwotermsbypartsgives
Pi
where
~.x]:=[Y,w]:.o
becausethestrains
f( a~x-y --&-x
aresinglevalued.Eqyation(13)becomes
P,
(14)
substitutingfromequations(A8)and(A9)ofappendixA and
stipulatingthatthestressesaresinglevaluedgiveequation(14)as
.
$( )
Ya$$-xd$$ti=
an ds
,
-~$(y~-x~)ds+~$~@)ds
Pi Pi Pi
(15)
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Iftheintegrationsof eqvation(15)areperformedalongthe
internalboundaryCi, thenfromequations(5),
1 $&?&.rJl-v ds ax
Ci
Eecausetheintegrandoftheprecedinginte~alisan exactdifferential,
theintegral.hasthesamevalue(zero)forsM.reduciblepaths;hence
forthearbitrarycircuit
‘i equation(15)becomes
Similareasonin~fromthesingle-valuedcharacterofthey-component
of displacementleadstotheequation
E@ations(10),(16),and(17)sresimilarinformto someequations
derivedby Mintllin reference9. Theequationsof thatreference
applyto integrationpathstakenalongtheboundaries.
BoundaryConstants
Theinitialobjectiveisto determinethestressfunction# soas
to solvetheboundsry-valueproblemassociatedwithequation(l). Numer-
icaldifferentiationc uldthenbe performedtodeterminethestress
componentsaccordingto equations(2).
Theassumptionof stress-freesurfacesresultedin equations(5).
With ail and %2 asconstantsof integration,theseboundarycon-
ditionsmaybe integratedto givealongtheboundaries
2!?!=ail
ax
~
by = %.21 (18)
.
.
l
.
.
.
.-
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.
In genersl.,
. @=&JfLiy
ax by
andwhere %3 isa constantofintegration,
cedingequationalongs,boundaryanduse
Fco
w Pi ‘ %x + ~~y
alonga boundary.
integrationf thepre-
of equations(18)give
.,---..—
+ ey3 (19)
Differentialequation(1)andboundaryconditions,expressibleby
equations(18)and(19),donotcompletelydeterminethestressdistri-
bution.No temperaturet rmsarepresent,andthevaluesof my
and 93 srestilltobe specified.Theinitialstepinobtain-
~~>thecompatibilityconditi~(eq~ti~ (1))~s toraise‘heorder “”
ofthefirstdifferentialequationof equations(A2)by differentiating
oncewithrespecto x andoncewith-respecto y. Thesediffer-
entiationsalthoughusefulinsimplifyingtheformoftheeqmtion~
.
requiretlnatadditiontifactorsbe considered.In thecaseof
nultipl.yconnectedregionsj therestit~geq~tfon(eq~tion(1) ties.
notprecludetheoccurrenceof stressdistributionsduetomechanical
-
dislocations(reference9). Theoccurrenceofmechanicaldislocations
iseliminatedby hposingconditionsthatrotationanddisplacements
be singlevalued.Theseconditionsaretobe usedin evslu&tingthe
constantsof equation(19).Thephysicalconditio~sof theproblemti~
thenbe satisfied,forthestressfunctionhasbeendefinedsoasto
satisfytheequilibriumConditionsthecompatibilityconditionis
satisfiedby theuseofbikarmonic~ctionsj theassumptionof force-
freeboundariesis satisfiedbyconditions(18)and(19)on thestress
function;andtheconstants.~l~~2j ad ai3 me tobe ~~~ted
soasto satisfytheconditionsof single-valuedrotationand
—
disphcements.~t adjustmentofthevaluesof ~1~ ai2Y ~d %3
is sufficientto satisfytheconditionsof single-valuedrotationand
displacementswillbecomeevidentinthenextsection.A methodof
determiningtheconstantsthatwillbe appropriatefornumerical
techniquesisneeded. —
Determinationfl!ounda?yConstantsby Formationof
SpecialSolutions
A methodofusinGspeci=solutionsto determineKIJ ai2~ -d
%3 fora doublyconnecteddomainatuniformtemperaturewasdescribed
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byPrager(reference6). A similarmethodwassuggestedforthemultiply
connecteddomainby Southwell(reference10). ThemethodofPrageris
hereextendedto domainswithmorethemoneholeandwithtemperature
distributionspresent.Themethodisthenmodifiedto a formthatis
suitablefornumericaltechniques.
Let @ij(i=1, 2, . . .k, . . .n; J =1, 2,3) be special
solutionsofequation(1)thataredefinedoverthedomainboundedby
theexternalcontourCo andtheinternalcontourscl,C2, . . l
ck, , , l Cn. Becausequation(1)isMnea.r,theproducts of the
dij ~d the=b~traryco~tants%3 maybe superposed‘0 CJivethe
completesoluticmoftheboundsry-valueproblemaccordingto thescheme
3
$$=
T’X
$aij ij (20)
i=lJ=l
protidedthattheboundaryconditionsforthe $ij areproperly
selectedandthatthevaluesoftheboundaryconstants%j areprop-
erlyevaluated.
Theboundaryconditionsforthe #ij mustbeselectedsothatthe
functiongivenbyequation(20)willsatisfyequations(18)on sllthe
boundaries.Becausethestressesaregivenby seconderivativesof $,
theadditionofa linearfunctionofthecoordinatesto $ willleave
thestressesunaltered.TheassumptionIsnowmadethatthisaddition
isaccomplishedsothattheboundsryconstantsof equattons(18)and
(19)arezeroontheexternalboundary.Theboundaryconditionson
the $ij fortheexternal.contourCo arethereforetakenas
a$ij$ij=~=Oon CO
Theboundaryconditionsforthe @ij ontheinternalboundariesmust
nowbe selectedsothat 3n linearlyindependentsolutionsforthe$LJ willbe
willsatisfy
selectionis
Let
obtainedendsothatthefunctiondefinedby equation(20)
eqya.tions(M) on alltheinternalboundaries.This
aoco~lishedasfollows:
.
.
.
(21)
NAWLTN 2434 u
“
onallboundariesexceptCk. On Ck, let —
. Wisldy
Tz- ‘Z (22)
Certaingeometricsll.aspectsof thechoicesexpressedby eqya-
tions(21)to-
example,that
(24)arenowmentioned.Theobservationismade,for
theequation
(24)
WKLdyX=G
isa restriction @~ inadditionto therestrictionf @m = x
. on Ck) inasnmchas ~ = x prescribesvsluesof ~ onlyonthe
linedefiningtheboundsryCk,whereasthenormalderivative
.
.
specifies
direction
a%
—=.dn
therateof changeof &
normalto theboundary.
The slopeofthepl=e ~ = x
ds
astheboundaryis crossedina
ina directionnormalto the
contourCk is b~anj butbecauseforthisplane ~ = x,the
slonemavbe writtenas bxbn. Inthedirection , theslopeof
the-surf~ce~ is givenby equation(22)as -
—
Wk3.dyan=z
butinthe xy-plane,
Therefore,in thedirectionof n, theslopeofthesurface~ (in
equation(22))hasbeentakenequalto theslopeof the plane ~ = x
andbecausetheintersectionC?k ofthecyllnderthroughCk wfththe
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surfaceAd-Ii’” inth’pl=’ @u = x,theswface ~1 istangent-
totheplane @kl= x aloag Ctk. Theparticularsolutionam ~
thereforedefinesa surfacetangentotheplane $= =.a~x. Equa-
tions(23)requirethat #k2 he tsmgentotheplane @k2= y @Long
theintersectionC“k ofthecylinderthroughCk withthesurface
#k2,~~ equations(24)requirethat @k3 be tangentotheplane
~ = 1 alongtheintersectionC’t’kofthecylinderthroughCk
withthesurface@k3“
The three speci,alsolutions,akl@kl>ak2@k2~‘d ak3@k3,asso-
ciatedwith Ck areseentobe tangento threeplanes,oneofwhich
passe’sthroughthey-axis,oneofwhichpassesthroughthex-axis,
andoneofwhichisparallelto thexy-plane.Determinationf akl)
ak2)and ak3 isseentobe e~Ui.Vahnt todeterminingtheSIOpe of
theplanethroughthey-axis,theslopeoftheplanethroughthe
x-axis,endtheheightoftheplaneparalleltothexy-plane.Super-
positionaccordingto
@k= ~d~ + ~2@k2 +
isthusseen to satisfytherequirementsof
buttheconstantsa~} ak2>
positionof allthe ~j@ij
satisfiedon CICbecauseof
by equation(21).
The @ij
isequivalent
weredefined
towriting
(i=l, 2,
and ak3 llIUSt
.
~7jk3
equations(18)and(19),
beproperly
will.stillleaveequations
therequirementslaiddown
chosen.Super-
(18)sm.d(19)
onellthe @ij
asspecialsolutionsof equation(1),which
v4#iJ = o
. . . k,... n; j =.1,2,3) (25)
.
Emations(25)togetherwithboundary-conditionequations(21)to
(24)cc%stitute-3A b&ndary-valueprobl&sforthe 3n particul&r
solutions@ij. Theseindividualboundary-valueproblemswith #iJ
-d ~@ij/& specifiedoneveryboundaryarenowtobe solvedbymethods
alreadydescribedbyFoxandSouthwell.(reference7). Withtheass~Ption
thatthe @i,taresoevaluated,thenextstepisto calculatethevalues .
of ai~. “
Themethodfordeterminingthe ~j
by substitutingthecompleteintegralaE
thecontourintegralsofequations(10),
.
maybe symbolically expressed
expressedby equation(20)into
(16),and(17). This
lVACATN 2434
.
substitutionrequiresthat,on each
. integrals
Formation
equations
equations
imvolving
involvingallthe $ij be
ofthesecontourinternals
15
kth internalboundsry,contour
formedaa coefficientsofthe aij.
thenpermitswritingsimultaneous
—
foreach kth boundsq (k= 1, 2, . . . n) sothat 3n
areobtsinedforthe aij wherethecontourintegrsls
the fiijbecomecoefficientsofthe ~j:
Becausethereareexactly3n equationswithexactly3n unknowns
(the ~j), thedeterminationoftheseconstantsis sufficientto insure
theoccu&enceof single-valuedrotation~d displacements.
llUlfEIKtCALTEC~QUE
Thepurposesofthissectionsre(1)to Illustrate,by a concrete
exsnple,thedetailedstepsbywhicha solutionofa problemaybe
obtained,(2)to shov,by comparisonwitha problemforwhichthe
solutionisalreadyknown,thattheapplicationf relaxationprocedures
..-——— —
to thefinite-differencemethodoutlinedintheprecedingpartofthis
reportmelds a methodgivingresultsthatapproximatehecorrect
smswers,and(3)topresentheresultsofsainvestigationf sorle
factorsaffectingtheaccuracyoftheanswersforsomeparticular
conditionsencounteredinthe relaxationsolutionof a thermalstress
. problem.
.
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IllustrativeExample
Thedetailedinstructionsenablingtherelaxationcalculationf
thermalstressesinan irregularcyiinderarepresentedinappendixC.
Theparticularproblemillustratedisthatofa concentriccircular
cylinderpossessingan asyrmuetricaltemperaturedistribution;however,
thedescriptionfmethodmaybeappliedto cylirdersofmorecomplex
shape.Thechoiceof theconcentriccircular cylinderenabledthe
relaxationworkforthestressfurmtionstobe confinedto a 900sector.
Therewouldbe nofundamentaldistinctioni carryingoutthecal-
culationsforan irregularprofile- relaxationwouldmerelyhavetobe
performedovertheentirecrosssectionentailingmorelabor. (Althou@
ciroularboundarieswereinvolved,theadvantagesofusingpolar
coordinateswerenotutilized.Theuse ofrectangularcoordinatesin
thepresenceofcircularboundariesinvolvesboundarytechniqueproblems
typicalofa moreIrregularregion.)
Theresultsoftherelaxationcalculation(reference11)according
toLaplace’sequationforthetemperaturedistributionarepresented
infigure1. Resultsofrelaxationcalculationsforspecialsolubions
ofthebiharmonicequationarepresentedinfigures2 to4. contour
integralswerecalculatedas illustratedby tableI andthestress
functionispresentedintableII. Tangentialstresses(tableII)
werecalculatedby computingthesecondderivativesofthestressfunc-
tionwithrespectoradfus(reference8,p. 53)accordingto the
5-pointmethodofreference12describedh appemiixD.
Exactvaluesofradialandtangentialstresswerecalculatedas
indicatedinappendixE andarealsolistedintableII. Themaxtium
tangentialstressisseentobemuchlargerthanthemaximumradial
stress.Theerrorintherelaxationcalculationf themaximumtan-
gentialstresswasabout5 percent.Comparisonof thevaluesoftan-
gentialstresscalculatedby theexactmethodwithvaluescalculated
by therelaxationmethodisalsopresentedinf%gure5.
InvestigationofFactorsAffectingAcmzracy
SeveralfactorsInfluencingtheaocuracyobtainableIn calculating
thermalstressesby themethcdjustdescribedwereinvestigatedby
applyingvariouscalculationtechniquestoa problemforwhichanswers
couldbe calculatedby exactmathematicalmethcds.The examplechosen
consistedofa concentriccylindersubjectedtoa symmetricaltem-
peraturedistribution.Detailsoftherelaxationcalculationare
presentedinappendixF.
Theresultsoftherelaxationcalculationforthetemperaturedis-
tributionarepresentedinf@ure 6. Becaused~nsfons oftheoylinder
.
.
to2N
b
.
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.
wereexactlythesameas thoseoftheIllustrativeexamplepreviously
. discussed,thespecialsolutions~11,$~, @ @13 dete~fiedint~t
exampleareusableinthepresentexample.Thissituationillustrates
an importantfeatureoftheuseofrelaxationmethodsincalculating
thermalstresses;thatis,oncethetimeconsumingbiharmoniorelaxation
workforthespecialfunotiom @il,@i2,@i3 ~S beenc-leted fora
givenshayeofbody,relativelylittleextraworkisrequiredto study
theeffectsonthermalstressesofohangesintemperaturedistribution.
Forthesymmetricaltemperaturedistributionffigure6,the
boundaryconstantsan and a12 werefoundtovanish.Thevaluesof
a= forthepaths a,b, and o offigure4 arepresentedin tableIII.
TheAirystressfunctionandthestressescalculatedfrcmitby numertcal -
differentiationa cordingtoappendixD are listedintableIV.
Exactvalues of Airy’sstressfunotionwerecalculatedaccordingto
appendixG. Thevalueofthe=bit=y constantD inequation(G4)
wasadjustedtogive $ = O for r = 12. Resultsarelistedin
tableIV. SecondderivativesoftheexactvaluesofAirytsstressfunc-
tionwerethencalculatedby thenumericalmethodsofappendixD togive
thetangentialstressvalueslistedintableIV. Exactvalues of tan-
gentialstresswerecalculatedusing thesecondofequations(El)aml
arealsolistedintableIV.
Comparisonof theerrorsintsmgentialstressoftableIV showsthat
theerrorsassociatedwiththenumericaldifferentiationoftherelaxa-
tioncalculatedAtiyfunctionweremuchlargerthanthoseassociatedwith
thenumerioaldifferentiationoftheexactAiryfunction.(Errorsinthe
maximumstresswere21.5and6.5percent,respectively.)Thiscomparison
suggeststhattherelaxationcalculated Airy function was an Important
source of error.
The relaxation calculated stress function was calculated as the
product au @~ (appendixF). An exactvalueof aU wascalculated
by observingthattheexactvaluesof $ intableIVrangefromzero
at r = 12 to -467)627 at r = 4;
P13 ra~e from zero at r =12 ~
of a13 istherefore
a~3. -467.627
1000
whereasinfigure
1000 at r = 4.
= -467.627
As Micated by thedataoftable111, the errors
4 thevaluesof
Thee=ct value
associated with
the processes of in-tigratingdifferencequotientsto calculatethe
boundaryconstantscanbe significantbut are small if averaged over
sevezal paths.
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Airyfunotloninfluenoeerrorsinthestresseswasevaluatedby round.
ingoffthepreviouslydetemninedexactvaluesofAiry’sstressfuno-
tiontothreesignificantfigures.Correspondingstressesanderrors
arepresentedintableIV. Ingeneral,theerrorsassociatedwiththe
three-figureAiryfunotionareseentobe significantlylowerthanthose
associatedwiththerelaxationoaloulatedAiryfunotion.Apparently,
theequivalentofthree-figureaoouraoywasnotaohievedintherelaxa-
tionoaloulationf theAiryfunotion.Comparisonof thevaluesof
tangentialstressoaloulatedby theexaotmethodwithvalues oaloulated
bytherelaxationmethodisalsopresentedinfigure7. Ilnproved
aoouraoyoouldbe aooomplishedby (1)furthereduotionofresiduals
withtheintrduotionofanothersignificantfigure,(2)theuseof
a finernetspaoing,(3)theuseofmoreelegantfinite-difference
methods,or (4)sanecamblnationf (l),(2),and(3). A oritical
discussionofsomefactorsinfluencingtheaocuracyofrelaxationpro-
ceduresis containedinreference1.3.
.
.
CONCLUDINGREMARES
Thisinvestigationhasyieldeda numerioalmethodforoaloulating
thermalstressina cooledirregularcylinderpossessingoneormore
coolingpassagesundersteady-statemperatureconditions.Applioatlon
ofthemethodtostructuressuchas internallycooledturbinebladesis
suggested.Theuseofrelaxationmethodsandelementarymethodsof
finitedifferenceshasbeenfoundtogiveapproximationsto correctvalues
whencomparedwith previously knownsolutions for concentric circular
oylinderspossessingsymmetricalndasymmetricaltemperaturedistri-
butions.
.
LewisFlightPropulsionLaboratory,
NationalAdvisoryCommitteeforAeronautics,‘
Cleveland,Ohio,May10,1951.
.
.
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AHTNDIXA
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w
DERIVATIONOFBIEAR?40NICEQUATION
An outlineofthederivationofthegoverningpartialdifferential
equationforthestressfunctionisgiveninreference4. A detailed
derivationusingtheconditionsimposedinthesectiononassumptions
follows:
Thedefiningequationsforthenormalstra~ (reference8,p. 7)
are
andthedefinhgequationsfortheshearingstrainsare
Thedefiningequationfortherotation(reference8,p. 162)Is
(Al)
(A2)
(A3)
Theassumptionthatthestrainsandrotationaxeconstantinthe
dtiectionofthez-axis(axisofthecylinder)permitswriting
20
Theconditionsthat
speoifi.edby u,v, and
NACATN 2434
.
thestrainsbe compatiblewithdisplacements
w are (reference8,p. 196)
.
a2g a2~z
-J +-= ~7yz
azz ay2 ayaz
8% z $CX a27xz
—+ —=—
ax2 &2 axaz
HYomequations(A3]and(A4),equations
#cx a% azy
+2=
Yp +?ax2 x y
)87=‘Tr)%yaz
)
+Xy
az
(A5)
(A5)beoome
(A6)
NACATN 2434
.
Thefirst
. equations(A6)
equations(A6)
j
;
Becauseof
theaxisof the
displacementin
1
21
ofequations(A6)raaainewhereasthefourthandfifthof
m.nishidentically.Thesecond,third,andsixthof
naybewritten
a% asw ww—= —=
ayzaz &2~z w= 0
(A7)
theassumptionthatplanesectionslnitialQnormalto
cyllnderemainplaneafterthedeformation,the
thez-dtiecticnmy bewritten
____
w= f(z)[ax+ by + c]
showh.g that equations(A7) vanishidentically.Thepreoed.ingproof
thatthelastfiveofequations(A6) vanishidenticallyisessentially
a demonstrationthatthesecqtibility conditionsaresatisfiedas
a consequenceofthefnltialassuqtions.Of equations(A6),the
onlynonvanishingequationisnowthecompatibilitycondition
Thegeneralized Hooke’slawequations(reference8,p. 204)are
.
.
Elimi-tion of Cz betweenthese equations yields
(A9)
[
1 (l J2)iJx-~x=~ 1
~(l+V)Uy+(l+V)W - vEcz
[ }
(A1O)
C==* (1- V2)9Y 1-V(l+~)Gx+(l+u)cZT-VECZ
Airy’sstressfunctionisdefinedby
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.
(JX=a!
ti2
.Y=EE4
ax2
&
a2
k= -x3 1 .(2)
Equations(MO) and(2)areusedwiththedirectmethodof cs.lculat-
ingthermalstresses;thatis,theequilibrium,boundary,andcompati-
bilityconditionsareusedwithoutregsrdingtemperaturet rmsasbody
andsurfaceforces.Theequilibriumequations(reference8,p. 195)are
thereforewrittenwithoutbodyforces.Theseequationswerereducedto
thoseofreference8,page21,by usingtheassumptionthatplanesections
initiallynormaltotheaxisof thecylinderemainplaneafterthe
deformation,sothat
(All) -
Substitutionfexpressions(2)Inequations(All)showsthatthe
stressfunctfonhasbeendefinedsoas to satisfytheequilibriumequa-
tionsidentically.Thecoalitionremainingtobe satisfiedby @ is
thecompatibilitycondition(A8).Substitutionfexpressions(2)in
equations(AIO)yields ,
Cx (.2 ?3 )-ua-u2#@Ecz +(l+u)dE %2 ax2
( ) 1(A12).AM-U &@-v2#jj-uECz +(l+u)a!l‘Y E ax2 ~v2
Theshearingstrainisexpressed(reference8,p. 10)intermsof
theshearingstressby
yv =
=
(A13)
-awl-w
E axti
.
.
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.
By useofequations(A6),(A12),and(A13),equation(A8)oanbe
. written
V46= - * V2T
Fortheassumedtemperateconditions,
v2T= ()
andhencethegoverningequationfor @ is
v4fj = ()
.
(1)
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APEENDIXB
CALCUIXl?IONOFAXIAL-S
Afterax and Uy havebeencalculatedaccordingto equation(2),
thenormalstress
thirdof equations
CJz intheaxialdirectionmaybe determined.The
(A9)iS
Cz [
.*CZ 1-V(ux+oy)@
fromwhich
Uz=cz E+ v (UX+CY)-CLEP (Bl)
As statedinthesectionAssumptions,thecylinderisfreefrom
applledfomes andthereforethetotalforoeintheaxialdirection
andthe x- and y-cmupmentsofa bendingcouplearezero.
JJ
Gzaxdy=o
A
1
IfxOzdxdy=OA
J
yCJzdxdy = O
A 1
(B2)
Becauseoftheassumptionthatplanesectionsinitiallynomnalto
theaxisofthecylinderemainplaneafterthedefamation,the
straininthez-directionmaybewritten
where a,b, end c
substitutionf
equations(B2’)gives
Cz =ax+by+c (B3)
arecmnstantso
expressionsgivenby equations(Bl)and (B3)in
.
.
.
.
“
.
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.
a!Jxdxdy+b JJ ydxdy+c JJ dx dyA A A
1
=--E
J.J [
u(~x+Uy) 1-al?ldxdy
A
a
[[
Xzdxdy+b
J/’ J)
Xydxdy+c X dx dy
A A A
1
Jl
=--E x v(Cx+UJ 1-a19Tdxdy
A
/
aJ)’xydxdy+b JJ $dxdy+c JJ ydxdyA A A
(B4)
10 [=--E Y u(ax+~y)
‘1
-al!? l!dxdy
A
Equations(B4)arethreesimultaneousequationsfiamwhichthe
constantsa,b, and c may30 evaluated.Substitutionf’the
expressionfor Gz givenh equation(B3)for c~ fiequati~(Bl)
gives
O=. E(~+hy+G) +V(ax+”y) ‘am (3)
fromwhichtheaxialstressesmaybe detemined.
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APPENDIXC
DETAI19OFRELAXATIONCALLXJIAT’IC)IVOFTAIK$ENTIAL
llJCONCENTRK!CYIZNDERWITHASYMMETRIC
TEMPERATUREDISTRIBUTION
Thetemperaturedistributionwasassumedto
peraturesinoFof zero on theinternalboundary
.
.
STRESS
bedeterminedby tem-
of 4-inch radiusand
“
500 + 1000 cos e on theexternalboundaryof12-fnohradius.The
valuescfthoelasticonstantswereassumedtobe
cL=8.0X IO-6 (in./in./OF)
E. 17.5x 106 (lb/sqin.)
v = 0.3
Theresults oftherelaxationcalculationforthetemperature
distributionaccordingtothetechniquedescribedinreference11 is
presentedinfigure1. Inallcalculations,theoriginofcoordinates
waslocatedat thecenterofthecylinder.Inthepresentcase(one
internalboundary),thefnd.icesof equations(21),(22),(23),and
(24)become
I=k=n=l
J =1,2,3
InordertoeliminatetheuseofdecimalsIntheworkofrelaxation,
equations (21), (22), (23), and (24)weremodifiedas follows:
On theexteriorbour@ary,
Ontheinteriorboundary,
..
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Theboundaryvalueproblemsjustdefinedforthebiharmonicfunctions
dl~,@~2,@ #~3 werethensolvedby thetechniquesof references7 and
11to yieldthesolutionspresentedinfigures2 to 4. (Thedime~ionsof
thecylinde~weresuchthatthedistancebetweenodalpointscould%e
convenientlytakenas 1 inch.Formoregeneralcasesa methodofhandling
dimenstonsjncdaldistances,andderivatives,uchas describedtirefer-
ence7,canbe followed.)
Thenextstepisto calculatethevaluesof theconstantsall,
a12,and am accordingtoequations(26),(27),and(28).’10thatend,
theappropriatecontourintegralswerecalculatedas illustratedfor
functionsInvolving#U anl T alongpath c intableI. The
numberingsystemforpointsinthetablescorrespofi”sto thenumbering
—
systemetibitedby thesmalldiagraminfigure2,where .j isthestation
slongthepathof integrationa d j = 1 on thepositivex-axis.
W3ththeuseofaveragesof contourIntegralsforpaths a, b,
and c,thes~ultaneous equattons(26), (27), and (28) become
1241.3 a= . -2oOx 2853
8466.3a12= O
8466.3au = -200X 9532.3
.
.
fromwhich
an= -459.7
a12= O
aq.= -225.2
u
AccordingtO equation (20j,
fhm which
k + a13 @13
-459.7 $13
.
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The solution of this equation for points along the positive
x-axis (e . oo) is presented in table II. Tangentialstresseswere
calculatedfrcmtherelaxationsolutionforthestressfunctionby
taki~ seconderivatives with respect tc radius according to the
formulas of appendix D. Theseresultserealso presented in table II.
,
.
.
.
.
.
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APPENDIXD
.
hT’MERICALDIFFEMNTIATIONOFAIRY‘SSTRESSFUNCTION
Thepurpcseof thissectionisto presenthemethodsusedin3 approximatingto theseconderivativesofAiry’sstressfunctton.The
: functiontcbe differentiatedisexpressedby
Y = f(x)
whereinthepresentapplicationy isAiryfsstressfunctionad x
isradialdistanceona crosssectionof thehollowconcentriccylitier.
Where p isan integer,h isa uniformtabularintervalof the
indepetientvariable,and X. isanarbitrarypointframwhichthe
distanceph ismeasured,let
~=~+ph (Dl)
Thevaluesof seconderivativeswerecalculatedby thefive-
polntfomnulasofreference12. Forthevariousvalues-ofp, “-
formulasare:
.
D2yo
*
with p = 1,
D2 yl
with p = 2,
D2 y~
with p = 3,
D2 y3
with P = 4,
With p = O, —.
.L(35Y~- 104yl + 1.14X2 - 56y3+ 11Y4)
12h2
.A._(llyo- 20Y1+6Y2+4Y3--Y4)~h2
sJ#-Yo+ 16 Y1-30Y2+16Y3 -y~]
=$(- YO+4Y1+6Y2-20Y3+ UY4)
D2Y4=& (11yo -56yl+~4Y2 - 104y3+ 35Y4)
Equation
tlon(D3)was
equation(~5)
for r = 12.
(D2)wasusedto calculatederivativesat r = 4,
these
(D2)
(D3)
(D4)
.—
(D5)
(D6)
usedfor r . 5,equation(M) wasusedfor r =-6to10,
wa”susedfor r = 11,andequation(D6)wasused
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APPENDIXE
EXACTDETERMINATIONFSTIUEMESFCR
WITHASYMMETRICTEMPERATURE
l
.
CGNCENI’RICCYLINDER
DISTRIBUTION
Theradialandtangentialstresses,respectively,inthecaseofa
symmetricaltemperaturedistributionaregiveninreference8 on
page 372 by
Wf
Or .
2(1-V)ln:
CLETf
‘e =
{
1- ~np- a2 d
2(1 -U)ln:
r b2 -a
(El)
a2
ln~-—
()}
b2
b2-a2 ‘-= l“s
)}
b2 In~
‘~ a
where a istheradiusoftheinternalboundaryand b istheradius
oftheexternalboundary,andwhere Ti isthe-excessof theinner -
lxm.ndarytemperature over the temperature of the external boundary.
I&ornreference 4, thestresses in a concentric circular cylinder
possessingthetemperaturedistribution
*
T =Alnr+Ao+
E (An@ + Cnr-n)cosne +
n-=1
(- Bn @ + Dn r-n)sinn8
whereA,B, C,and D areconstants,are
(E2)
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-[() ~2 b2 . r2Gr = In $ 1—ln~-2(1-U) ‘3 b2-a2 a
m [(~2 - r2)(r2- ~21 (CIOOSe+ D1sin8)2(1- v) (a2+ b2)# I
‘[() ~2 b2 + ~2‘e = 2(1 -u) in ~ +7Z#a2 1ln:-1-
C&[4a2r2-(3r2- b2)(r2+ a2~ J(ClCOSe+ D1sine)2(1- v) (az+ b2)#
Thetemperaturedistributioni %’ isspeoifiedby T = O onthe
internalboundaryandby T = 500+ 100000Se ontheexternalboundary.
. Thestresseswillbe calculatedby superposingstressesfora symmetrical
temperaturedistributionthosecalculatedfora specialasymmetrical
distribution.Thegiventemperaturedistributionisresolvedintotwo
.
components:a synunetrical~onent definedby T’= O ontheinterior-
boun-y and T = 500 ontheexteriorbom~; ~d thesPeci~a~-
metricalcamponentdefinedby ‘?wn&rytemperaturesof T = O onthe
~terforbo~~ ~d ~ . 100Lcos6 ontheexteriorbo~~. —
The stresses calculated for the symmekdoalcomponentof the
temperaturedistribution were calculated according to equations (El).
Now equation (E2)istobe written so as to satisfy the boundary
conditions on the asymmetrical ccmponent of the temperature distribution.
Theboundaryconditionsare
atr=a T=O
atr=b T s 1000GOSe
In order to satisfy these cofiitions and equation (E2), let
.
n= 1
A= A. =Bn=Dn=C
.— .
(E4)
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Equation(E2) istherebyreducedto
T. () c1Alr+ ~ COB6
Onr=a,
0=(Ala+%)CoGe
fromwhich
On r = b,
~moo cos e s () clAlb+ ~ COS 8
from which
or
NACATN2434
Clb++
-— =1000
a2
or
c1Wd?a=1000
a2b
+ fromwhich
cl=- 1000a2bb2 - a2
Useof equations
tions (E3) showsthat
peraturedistribution
(E4)andof theprecedingvalueof Cl in equa-
thecomponentsofstressdue only to the tem-
specified by T = 1000ccs9 onr. b are
.
.
ii?Z
,
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1000oiEa2b(b2- r2)(r2- a2)~o~e
——
2(1-v) r3 b4 - a4
1000d? a2b 4a2r2 - (3r2 - b2)(r2 + a2) ~o~ e——
2(1 -U) rs b4 - ~4 I
Em Radial and tangential stresses
a culated according to equations (El)
listedintableII.
J
were superposedfhm stressescal-
and(E5)togivetheexactstresses
.
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APPENDIXF
.
.
DETAILSOFRELAXATIONCALCULATIONFTANGENTIALSTRESS
INCONCENTRICCIIJ2W3ERWITHSYMMETRICAL
TEMPERATUREDISTRIBUTION
Thetaupemturedlstrilnztlonwasassumedtobe determinedby tem-
peraturesofO?F ontheinternalboundaryof4-inchradiusand5000F
ontheexternalboundaryof12-inchradius.Therelaxationsolutionfor
thetemperaturedistributionisgiveninfigure6. Thevaluesof the
elasticonstantswereassumedtobe thesameas thoseusedin
appendixC, namely,
a= 8.OX 10-6 (in./in./°F)
E= 17.5x 106 (lb/sqin.)
v= 0.3
As intheasymmetricalcase treated in appendixC, the indices of
equations [21) to (24) were taken as
i =k=n=l
J= 1,2,03
andthese equationsweremodifiedas follows:
Ontheexteriorbomxiary,
On thefnteriorboundary,
toz
N
b
.
.
.
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Theseboundaryvaluesarethesameasthoseusedforthepreceding
probleminvolvfngtheasymmetricaltemperaturedistribution.The
biharmonfcfunctions@=, #U, and ~= arepresentedinfigures2
to4. Calculationf thecontourintegralsby themethodsdescribedin —
appendixC ad solutionofequations(26)to (28)showthat
all=a12=o
2co
CA and that thevalues of a= for paths a, b, and c are as given in
“ tableIII. ThevaluesofAiry’sstressfunctionas determined’entirely
—
———
by thenmnerfcalmethodwerethencalculatedusingtherelaxationvalues
of @13 andtheaverageof au forpaths a,b, and c accordingto
Valuesso oalmla.tedarepresentedintableIV. Tangentialstresses
werecalculatedfromtherelaxationsolutionforthestressfunction
by takingseconderivativeswithrespectoradiusacoordingtothe
formulasofappendixD. TheseresultsarealsopresentedintableIV.
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APPENDIXG
EXACTDETERMINATIONFAIRY’SSTRESSFUNCTIONFOR
.
.
CONCENTRICCYLINDERW121’HSYMMETRICAL
TEMPERATUREDISTRIBUTION
Thepurpose cfthissectionisto presentheformulausedin
calculatingAiry’s”stressfunctionfortheconcentriccircularcylinder
witha symmetricaltemperaturedistribution.A possibleformforthe
stressfunctionisgiveninreference8 onpage55.ss
j$.Alnr+Br21nr+Cr2+D (Gl)
where A, B, C, and D are constants and the correspotiing stress
components are given by
A +B(l+21nr)+2C
‘r=—
r2 1 (G2)ae=.A rz +B(3+21nr)+2C
Thethermalstressesaregivenbyequations(El).Forcomparison
withthefirstofequations(G2),thefirstofequations(El)Iswritten
{
CilKci
CJr=
a.zbz
}
ln~~+
2(1- V)l.n&b2- az a
a
UJrri
J--(l+21n r)+
2(1- V)ln:z
@f
{
1 ~2
}
~
--2 -lnb-;-~lna2(1- V)lng
(G3)
.
.
..
Comparisonofequation(G3)withthefirstofequations(G2)shows
thatnecessaryconditionsontheconstantsofequation(Gl)are
.
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.
.
axri
A= —I@
~2b2
bb2. a2 a2(1- v)ln-&
B=
aETi &
b2
2(1 - V)ln ~
Becausethestressesarecalculatedf&omderivativesofAiryts
stressfunction,thevalueoftheconstantD inequation(Gl)
maybe takenarbitrarily.Thevaluesof A, B, and C as just deter-
minedaresulmtitutedinequation(Gl)to obtain
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Total
—
J
—
1
2
3
4
5
6
7
6
9
10
u.
1.2
13
14
15
16
17
10
19
20
21
22
23
24
25
26
27
26
29
30
31
32
33
34
35
36
37
38
39
40
41
4?.
43
u
—
—
-m
-103
-los
-65
-s7
-29
-52
-66
-64
-s8
-9
9
36
64
66
62
29
57
u:
U3
1.03
lo6
05
57
29
32
66
64
38
9
-9
-38
-64
-66
-52.
-29
-37
-8S
-106
-103
-113
TABLEI-00MIWRIRFEORAL62LOKPA!13c
(a)IntegralslnvolrlngV2~~~.
Ws2@i=
-lJ.?!
-L13
-1o3
-1o6
-85
-57
-29
-52
-66
-s4
-38
-9
9
38
M
66
52
29
57
u%
103
U5
105
106
85
57
29
52
66
64
38
9
-9
-38
-64
-66
-62
-29
-57
-85
-106
-103
0
10
-3
21
28
-z
-14
2
3,6
29
18
29
26
2
-14
-23
28
28
21
;:
o
-lo
-2:
-28
-26
25
14
-2
-26
-29
-la
-29
-26
-2
14
23
-26
-28
-21
3
-M
-96
-81
-s3
-71
-51-
-26
-27
-42
-49
-43
-18
1:
43
49
42
27
26
51
71
63
61
26
81
63
71
51
26
27
42
49
43
16
-170
-105
-142
-127
-22
.!59
-59
::
-73
-19
0
19
73
62
&?
59
59
62
lm
142
I-OS
170
105
142
3.27
62
59
59
82
92
73
19
74
24
59
56
41
33
32
40
43
30
1
-?
-30
-40
-32
-33
-41
-5s
-59
-24
-74
-24
-59
-56
-41
-33
-32
-40
-43
-30
-1
5.s
5.s
5.5
5.s
5.5
5.s
5
4
3
2
J.
-:
-2
-3
-4
-5
-5.5
-5.5
-5.!5
-s.5
-5.5
-5.5
-5.5
-5.5
-5.5
-5.5
-5.5
-s
-4
::
-1
0
55.0
-16.5
115.5
154.0
154.0
-115.o
-56.0
6.o
52.0
29.0
0
-29.0
-52.0
-6.o
56.0
115.0
-154.0
-L54.O
-lls.s
16.5
-55.0
0
5s.0
-16.5
1.I.3.5
154.0
1.64.O
-113.o
-56.0
6.0
52.0
29.0
._.
407.0
132.o
324.5
308.0
225.5
161.5
160.0
160.0
129.o
60.0
1.0
1.;
60.0
IZ9.O
160.0
160.0
161.5
225.5
306.0
324.5
132.o
407.0
32.0
=4.5
308.0
225.5
1s1.5
160.0
1.60.o
129.0
60.cI
1.0
0
1.0
60.0
129.0
160.0
160.o
161.5
225.5
309.0
324.5
132.O
7540.0
0
1
2
3
4
5
5.3
5.5
5.5
5.5
575
5.5
5.5
5.5
5.5
5.5
5.5
5
4
3
2
1
-:
-2
-3
-4
-!5
-5.5
-3.5
-5.5
-5.5
-3.5
-s.5
-3.5
-s.5
-s.5
-s.5
-s.5
-5
-4
-3
-2
-1
10.:
-6.0
63.0
llz.o
140.0
-1.26.5
-77.0
11.0
143.0
159.5
99.0
3.69.5
143.0
11.o
-77.0
-1.25.5
140.0
LIz.cl
63.0
-6.0
10.0
0
10.0
-6.0
63.0
11.z.o
140.0
-126.5
-77.!)
11.0
143.0
1.39.5
93.9
139.5
143.0
11.0
-77.0
-126.5
140.0
llz.o
63.0
-6.0
I.O.O
1814.0
0
24.0
1.18.O
169.0
1s4.0
165.0
176.0
220.0
236.5
165.0
5.5
0
-3.5
-153.0
-236.5
-220.0
-176.0
-165.o~
-124.0
-168.0
-116.0
-24.0
0
24.o
IJ.6.cI
3.s9.0
164.0
155.0
176.0
220.0
23s.5
1s5.0
5.5
0
-5.5
-l&5.cl
-2%6.5
-220.0
-176.0
-165.0
->64.0
-169.0
-lm.o
-24.o
0
.
.
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Total
TABLEI - CONl?OIJR~L9 ~~ PATH C - CONCLUDED
(b)IntegralsinvolvingT.
-
y
J Tl T3 1 % Tn~ TUA a. x a.
~tg a dT al!
J% ~ 2 2 ‘x y Y~ Y~
1 387 387 0 491 266 225 5.5
2
0
4M 387 31
1237.5 0 0
504 286 218 5*5
o
170.5 1199.o
3
1
472 418 54 540
31*O
342 19f3
218.0
5.5 297.0 1089.0
4
2
539 472 67 582
108.0,
416
396.0
176 5.5 368.5 968.0 3 201.0
5 609 ’539 70 652 486
526.o
156 5.5 385.0 858.0 4 2643.0624.0
6 676 609 67 714 573 141 5.5 369.5 775.5 5 335.0 705.0
7 644 676 -3.32845 573 72 5 -660.0 360.0 5.5 -726.o
8 422 544 -122 522
386.0
4S8 84 4 -488.0 336.0 5.5 -671.0 462.0
9 315 422 -107 411 316 95 3 -321.0 285.0 5.5 -588.5 522.5
10 228 315 -87 316 216 100 2 -174.0 200.0 5.s -478.5
11 166 228 -62 239 14s 96
550.0
1 -62.o 95.0 5.5 -341.0
12 123 166 -43
528.o
181 99 82 0 0 0 5.5 -236.5 451.0
13 90 123 -33 1.37 74 63 -1 33.0 -63.0 5.5 -181.S
14 59 90
346.5
-31 98 53 45 -2 62.0 -80.0 5.5 -170.s 247.S
15 22 59 -37 S8 26 32 -3 111.0 -96.o 5.5 -203.5
16 -22 22 -44 13
176.o
-lo 25 -4 176.0 -82.0 5.5
17 -71 -22
-242.0
-49
126.5
-36 -54 18 -5 245.9
-85
-80.0 5.5
-71
-269.5
-14
99.0
-105 -54 -51 -5.5 77.0 26o.5
E
5 -70.0-255.0
-94 -85 -9 -115 -67 -48 -5.5 49.5 264.0 4 -36.o-N2.o
20 -97 -84 -3 -121 -72 -49 -5.5 16.5 269.5 3
21 -96 -97 1 -i23
-9.0 -147.o
-71 -52 -5.5 -5.5 286.0 z 2.0 -MM.0
22 -83 -86 3 -12% -66 -s6 -5.5 -16.5 308.0 1 3.0 -56.0
23 -83 -83 0 -121 -63 -58 -5.5 0 319.0
24 -96
0 0
-93 -3 -122 -66 -56 -5.5 16.5 309.0 -: 3.0 56*O
25 -97 -96 -1 -123 -71 -52 -5.5 5.5 286.0 -2
26 -94 -97
2.0
3 -121 -72 -49
104.0
-5.5 -16.5 269.5 -3 -9.0 147.o
27 -85 -24 9 -115 -67 -48 -5.5 -49.5 264.o -4 -36.o
28 -71
192.0
-85 14 -105 -54 -51 -5.5 -77.() 280.5 -5 -70.0 2S5.0
29 -22 -71 49 -36 -54 18 -5 -245.Q -90.0-5.5 -269.5 -99.0
30 22 -22 44 13 -lo 23 -4 -176.0 -92.o -5.5 -242.0-126.5
31 59 22 37 58 28 32 -3 -111.0 -86.0-5.s -203.5-176.0
32 80 59 31 98 S3 45 -2 -62.0 -80.0-5.5 -170.5-247.5
33 1.23 90 33 137 74 63 -1 -33.0 -63.0-5*5
34
-L81.5
166 125
-346.5
181 99 82 0 0
E
o -5.5 -236.5-451.0
55 228 166 239 143 96 1 62.0 86.0 -5.s
56 315 228 87
-341.0-W?$l.o
31fi 216 100 2 174.0 200.!)-5*5
57 422 31.5
-478.5-5s0.0
lo7 411 316 85, 3 321.0 285.0-5.5 -589.5-SM,s
.38 644 422 122 522 436 84 4 488.0 336.0-s.5 -671.0-462.o
39 676 544 X52 645 573 72 5 660.0 360.0-5.5
40 609
-726.0-396.0
676 -67 714 573 141 5.5 -368.5 775.5 -5 335.0-70s.0
41 539 609 -70 652 496 1S6 5.5 -385.o 858.0 -4 Z80.O -624.0
42 4.72 539 -67 592 416 176 S*5 -368.5 969.0 -3 201.0-528.0
43 41% 472 -54 540 342 198 5.5 -297.0 1089.0 -2 108.0
44 387 41e -31 504 286
-396.0
218 5.5 -170.5 1199.0 -1 31.0 -216.0
2853 0 15,843.5 -6527.0 0
.
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TAELEII - STRESSALONGPOSITIVEX-AXISINCONCENTRICCIRCULAR
CYLINDERWITHASYMMETRICALTEMPEW!TUREDISTRIBUTION
-+.’4&N&7
--
Ra&l.usStress Relaxation Exactstresses
(in.)
Errorain
functiontangential (lb/sqin.) relaxation
stress stress
(lb/sqin.) RadialTangential(lb/sqin.)
4 -684,900 121,012 0 126,988 -5>976
5 -652,832 65,289 18,126 69,800 -4,5U
6 -554,142 25,558 22,172 35,409 -9,851
7 -428,561 2,370 20,982 11,675 -9,305
8 -299,828 -11,372 17,673 -6,277 5,095
9 -182>297 -23,815 13,498 -20,741 3,074
10 -88,278 -5i2,635 9,013 -32,929 -294
u -26,440 -35,852 4,473 -43,542 -7,690
12 0 -33,617 0 -53,012 -19,395
%ositivesignsdenoterelaxationvalueslargerinabsolute
_tude th= exact~alues;negativesignsdenoterelaxation
valuessmallerinabsolutemagnitudethanexactvalues.
TABLEIII- VALUESOF au ~
ASSOCIATEDERRORS
Exact
Patha
Pathb
Pathc
Averageof
a,b,c
a13
-467.627
-555.0
-423.8
-416.6
-465.1
Error
(percent )
18.7
9.4
10.9
.5
I
TABLEIV- NUMERICALLYCALCULATEDSTRESSESANDASSOCIATEDRRORSFORCONCENTRIC
CYLINDERWITHSYMMETRICALTEMPERATUREDI~ON
v
RadiusExactvaluesRelaxationExactvalues5-pointmethod5-pointmethod5-pointmethod
(in.) ofAiry’s valuesof oftangentialfortangential.fortailgentialfortangential
stress Airy’s stress stressusing stressusing stressusing
function stress (lb/sqin.) relaxationexactvalues Airy’sfunc-
function valuesof ofAiry’s tionexacto
Airy’stress stress three
function function figures
(lb/sqin.) (lb/sqin.) (lb/sqin.)
StressErroraStressErroraStressErrora
4 -467,627 -465,100 66,988 81,35714,36962,620-4368 60,600-6,400
5 -439>879 -438,124 36,582 42,2865,70436,989 407 36,600 0
6 -374,651 -367,894 17,284 14,844-2,44017,254 -30 17,600 300
7 -291,678 -281,851 3,636 -620-4,256 3,627 -9 3,800 200
8 -204,799 -195,807 -6,746 -8,4491,703-6,766 20 -7,300 600
9 -124,507 -lJ.8,135 -15,058 -15,969 911-15,054 -4 -13,E!00-1,300
10 -59,152 -56,277 -21,964 -21,588-376-21,965 1 -23,4001,400
D -15,677 -15,813 -27,864 -24,845-3,019-27,883 19 -27,4(X)-5CQ
12 0 0 -33,012 -25,780-7,232-32,776-236 -26,400-6,600
%ositivea.uantitiesdenoteapproximatevalues larger inabsolutemagmMmdethanexact val-
Uesj negativequantities denoteapproximatevalues smaller in absolute @tude thanexact
values.
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Figure2. - E96uT.tsof relaxation calculationf #i~. Values af V2# on iitegratlcm
pathsare obtained by avemgiqg V2~ valuesatfournearestnodalpolnte.
V2fi=#L ++2+~3+ $4-4$
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Figure3. - Re8ultaofrelaxationOaloulationf @H. valuesOr @~ on Intemtifn
pkha areobtainedby averagingV2flvaluee at four nearest nodal points. .-
V2q=ti~+$2+~3+ti4-@.
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Fl@re 4. - Results of relaxation oaloulatlonfor ~=. ValueB d V2j$ on integ~tlon
.
pathsareobtainedbya~eraghgV2$ valuesatfournearestndal points.
v2fi=fi~.+$~+&.g~-@.
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Figure 5. - Comparisonof tangentialstresflescalculatedby relaxationmethod with exact stresses;
concentriccylinderwith asymmetricaltemperaturedistribution. *
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Figure6.- Resulteofrelaxationoaloulatlonfor“temperaturedletrlbutloni oonoentrio
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lMgore 7. - Comparlsanof tangentialstressescalculatedby relaxationmethodwith exact stresses;
concentriccyllnderwith !3ymmetrloaltemperaturedlstrlbutlon.
